Abstract. An optimal inequality involving the scalar curvatures, the mean curvature and the k-Chen invariant is established for Riemannian submanifolds. Particular cases of this inequality is reported. Furthermore, this inequality is investigated on submanifolds, namely slant, F -invariant and F -anti invariant submanifolds of an almost constant curvature manifold.
Introduction
Riemannian invariants have an essential role in Riemannian geometry since they a¤ect the intrinsic features of Riemannian manifolds. In this manner, these invariants are considered as DNA of a Riemannian manifold (cf. [6] ). The most fundamental notions in Riemannian invariants are curvature invariants. Curvature invariants play key roles in physics as in geometry. According to Newton's laws, the magnitude of a force, required to move an object at constant speed, is a constant multiple of the curvature of the trajectory. According to Einstein, the motion of a body in a gravitational …eld is determined by the curvatures of space time. All sorts of shapes, from soap bubbles to red blood cells, seem to be determined by various curvatures (cf. [15] ).
The main extrinsic curvature invariant is the squared mean curvature and the main intrinsic curvature invariants include the classical curvature invariants namely the Ricci curvature and the scalar curvature. In [4] , B.-Y. Chen introduced a new curvature invariant, now known as (…rst) Chen invariant. In [8] , he introduced and investigated two strings of new types of curvature invariants. These new curvature invariants seem to play signi…cant roles in several areas of mathematics including submanifold theory and Riemannian, spectral and symplectic geometries. For more details, we refer to [7] and [10] .
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Beside these facts, the theory of almost product manifolds and their submanifolds have been developed in a similar manner with theories of almost complex manifolds and almost contact manifolds. In [16] , S. Tachibana …rstly introduced locally product manifolds and then submanifolds of locally product manifolds have been intensely studied by various geometers. Invariant and anti-invariant submanifold of a locally product manifold were studied by T. Adati in [1] , semi-slant submanifolds of a locally product manifold were investigated by A. Bejancu in [3] , slant submanifolds of Riemannian product manifolds were presented by B. Sahin in [14] and M. Atçeken in [2] , almost semi-invariant submanifolds of a locally product manifold were studied by the second author in [17] , and skew semi-invariant submanifolds (which are a special class of almost-semi-invariant submanifolds) of a locally product manifold were studied by X. Liu and F.-M. Shao in [13] . Recently, proper slant surfaces of locally product Riemannian manifolds were investigated by the …rst and third authors and S. Saraçoµ glu Çelik [11] . Finally, Chen-Ricci inequalities for slant submanifolds of a Riemannian product manifold were established by the authors in [12] .
Based on the above presented facts, we are going to give some relations involving the Chen invariants, the intrinsic and extrinsic curvature invariants of a Riemannian submanifold. Also, we are going to investigate these relations on submanifolds of a Riemannian product manifold and an almost constant curvature manifold.
Riemannian submanifolds
In this section, we are going to focus on some basic facts about Riemannian submanifolds by following the notations and formulas used in [7] and [10] .
Let ( f M ; e g) be an m-dimensional Riemannian manifold equipped with a Riemannian metric e g and (M; g) be submanifold of ( f M ; e g) such that g is just the restriction of e g. For all vector …elds X and Y in the tangent bundle T M and N in the normal bundle T ? M , the Gauss and Weingarten formulas are given by
where e r, r and r ? are respectively the Riemannian, induced Riemannian and induced normal connections in f M , M and the normal bundle T ? M of M , and is the second fundamental form related to the shape operator A N by
Here, h ; i denotes the inner product notation for both the metric e g and the induced metric g.
The submanifold M is called totally geodesic in f M if = 0, and
Suppose that e r belongs to an orthonormal basis fe n+1 ; : : : ; e m g of the normal space T ? p M . Then we can write r ij = h (e i ; e j ) ; e r i and k
h (e i ; e j ) ; (e i ; e j )i :
In view of (2.4) and (2.6), we get
where K ij and e K ij denote the sectional curvature of the plane section spanned by e i and e j at p in the submanifold M and in the ambient manifold f M respectively. Thus, we can say that K ij and e K ij are the "intrinsic" and "extrinsic" sectional curvatures of the Spanfe i ; e j g at p. From (2.7), it follows that
where e (T p M ) denotes the scalar curvature of the n-plane section T p M in the ambient manifold f M de…ned by
Thus, we can say that (p) and e (T p M ) are the "intrinsic" and "extrinsic" scalar curvature of the submanifold at p respectively. The relative null space of a Riemannian submanifold M at p is de…ned by [5] 
which is also known as the kernel of the second fundamental form [8] .
Chen invariants
Let (M; g) be an n-dimensional Riemannian (sub)manifold and k be a k-plane section of T p M . Suppose that fe 1 ; : : : ; e k g to be an orthonormal basis of k . For each 2 i < k, k-Ricci curvature of k at e i , denoted Ric k (X), is de…ned by [5] 
We note that a. if k = n, then n = T p M and an n-Ricci curvature Ric TpM (e i ) is the usual Ricci curvature of e i , denoted Ric (e i ). Thus for any orthonormal basis fe 1 ; : : : ; e n g for T p M and for a …xed i 2 f1; : : : ; ng, we have
b. if k = 2, then is a plane section of T p M and the 2-Ricci curvature becomes the sectional curvature. The scalar curvature ( k ) of the k-plane section k is given by
In view of (3:2), we get
3)
The scalar curvature (p) of M at p is identical with the scalar curvature of the tangent space T p M of M at p, that is,
is the scalar curvature of the image exp p ( k ) of k at p under the exponential map at p. Now, we shall recall the following de…nition of B.-Y. Chen in [9] :
where
We note that 
Now, we are going to give the following algebraic lemma: Lemma 1. If 2 k < 2 and a 1 ; : : : ; a n ; a are real numbers such that
with equality holding if and only if
Proof. By the Cauchy-Schwartz inequality, we have
From (3.5) and (3.6), we get
The above equation is equivalent to
The equality holds if and only if a 1 + a 2 + + a k = a k+1 = = a n .
The equality in (3:7) holds at p 2 M if and only if there exist an orthonormal basis fe 1 ; : : : ; e n g of T p M and an orthonormal basis fe n+1 ; : : : ; e m g of T ?
p M such that (a) k = Span fe 1 ; : : : ; e k g and (b) the forms of shape operators A er , r = n + 1; : : : ; m, become 
; r 2 fn + 2; : : : ; mg : (3.9)
We choose an orthonormal basis fe 1 ; e 2 ; : : : ; e n g for T p M and fe n+1 ; : : : ; e m g for the normal space T ? p M at p such that k = Span fe 1 ; : : : ; e k g, the mean curvature vector H is in the direction of the normal vector to e n+1 , and e 1 ; :::; e n diagonalize the shape operator A en+1 . Then the shape operators take the forms 
for all i; j = 1; : : : ; n and r = n + 2; : : : ; m. Thus, we rewrite (2.8) as
Applying Lemma 1 to equation (3.12), we get
From equation (2.7) it also follows that 
In view of (3.13) and (3.16), we get (3.7).
If the equality in (3.7) holds, then the inequalities given by (3.14) and (3.16) become equalities. In this case, for r = n + 2; : : : ; m we have Thus, after choosing a suitable orthonormal basis fe 1 ; : : : ; e m g, the shape operator of M becomes of the form given by (3.8) and (3.9). The converse is easy to follow.
In particular case of k = 2, we have the following:
Theorem 2. Let M be an n-dimensional (n 3) submanifold in an m-dimensional Riemannian manifold f M . Then, for each point p 2 M and each plane section
The equality in (3:19) holds at p 2 M if and only if there exist an orthonormal basis fe 1 ; : : : ; e n g of T p M and an orthonormal basis fe n+1 ; : : : ; e m g of T ?
p M such that (a) 2 = Span fe 1 ; e 2 g and (b) the forms of shape operators A er , r = n + 1; : : : ; m, become
1
A ; r 2 fn + 2; : : : ; mg :
In particular case of k = n 1, we have the following:
Theorem 3. Let M be an n-dimensional submanifold in a Riemannian manifold. Let fe 1 ; : : : ; e n g be an orthonormal basis of T p M . Then,
The equality in Now, we assume that the unit vector U is e n . Then, from (3.23), then we get (3.22). Assuming U = e n from (3.24) and (3.25), we see that the equality in for r 2 fn + 1; : : : ; mg. If H(p) = 0, then (3.26) implies that U = e n lies in the relative null space N p . Conversely, if U = e n lies in the relative null space, then (3.26) is true because H(p) = 0 is assumed. Thus (2) is proved. Now we prove (3). Assuming the equality case of (3.22) for all unit tangent vectors to M at p, in view of (3.26), for each r 2 fn + 1; : : : ; mg, we have for all i 2 f1; :::; ng and r 2 fn + 1; : : : ; mg. Thus, we have two cases, namely either n = 2 or n 6 = 2. In the …rst case p is a totally umbilical point, while in the second case p is a totally geodesic point. The proof of converse part is straightforward.
Almost product manifolds
Let f M be an m-dimensional smooth manifold. A system of coordinate neighborhood is called a separating coordinate system if, in the intersection of any two coordinate neighborhoods x i and x i 0 , there exist the following relations: then it is obvious that there exists always a natural tensor …eld F of type
where I denotes the identity transformation.
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A locally product manifold f M equipped with a Riemannian metric de…ned by
is called a locally product Riemannian manifold. If we de…ne F ji = (F t j )g ti , t 2 f1; : : : mg such that in fact
Thus, we have F ij = F ji . In view of (4:3) and (4:4), there exists always a natural tensor …eld F of type (1; 1) on any locally product Riemannian manifold satis…ed
for any X; Y 2 T f M . If the metric e g of a locally product Riemannian manifold f M has the form
then f M is called a locally decomposable Riemannian manifold. We note that a locally product Riemannian manifold is a locally decomposable manifold if and only if e rF = 0, where e r is the Riemannian connection of ( f M ; e g). , respectively, that is, the curvature tensor e R of f M has the form e R abcd = 1 (e g ad e g bc e g ac e g bd ); e R = 2 (e g e g e g e g )
if and only if for all vector …elds X; Y; Z; W in f M (See [16] , [18] , [19] and [20] ). Let f M be a smooth manifold equipped with a tensor of type (1; 1) which is satis…es (4.
for all vector …elds X and Y on f M , then f M is called an almost product Riemannian manifold [20] . Now, let (M; g) be an n-dimensional Riemannian submanifold of a Riemannian product manifold ( f M ; e g). For any vector …eld X tangent to M , we can write
where f X is the tangential part of F X and !X is the normal part of F X. From (4.7) and (4.8), we see that
for all vector …elds in M . Furthermore, we note that the squared norm of f at p 2 M is given by
where fe 1 ; : : : ; e n g is any orthonormal basis of the tangent space T p M . Let ( f M ; e g) be an almost product Riemannian manifold and (M; g) be a submanifold of ( f M ; e g). For each non-zero vector X to M at p, if the angle (p) between F X and X given by cos = hF X; f Xi kXkkf Xk For any e a vector belongs to the basis fe 1 ; : : : ; e n g, there exists an e b vector belongs to the basis fe 1 ; : : : ; e n g such that hf e a ; e b i = he a ; f e b i = cos and hf e a ; e c i = hf e b ; e c i = 0 for c 6 = a and c 6 = b. 
Some Optimal inequalities for submanifolds of almost constant curvature manifolds
We shall begin this section with the following lemma for later uses:
Lemma 2. Let M be an n-dimensional submanifold of an almost constant curvature manifold and k = Spanfe 1 ; : : : ; e k g be a k-plane section of T p M . Denote f k by the projection morphism of T p M onto k . For any orthonormal vector pair fe i ; e j g in k , we have
where trace (f k ) denotes the trace restricted to k with respect to the metric g.
M EHM ET GÜLBAHAR, M UKUT M ANI TRIPATHI, AND ERO L KILIÇ
Proof. We get (5:1) from (4:6). Considering (3:1) and (5:1), we have
; ; which implies (5:2). Next, using (3:2) and (5:2), we obtain (5:3).
The equality in (5:4) holds at p 2 M if and only if the shape operators take forms as (3:8) and (3:9).
Proof. Putting k = n in equation (5:3) we have
From (5:4), (5:3) and (5:5), the proof of theorem is straightforward.
Corollary 1. Let M be an n-dimensional submanifold of an almost constant curvature manifold f M (a; b) and fe 1 ; :::; e n g be an orthonormal basis of T p M . Then we have the following table:
The equality case of inequalities given by the table holds at p 2 M if and only if the shape operators of M take forms as (3:8) and (3:9).
Proof. Suppose that M is a proper -slant submanifold. We have from Theorem 6 that kf k 2 = cos 2 :
Using (??) in (5:4) we …nd the inequality (1). Next, if M is a product -slant submanifold with all e i are parallel we have from Theorem 7 that g(f e i ; e i ) = cos :
Using (??) in (5:4) we …nd the inequality (2). Putting = 2 and 0 in the inequality (1), we get the inequalities (3) and (4), respectively.
In particular case of k = 2, we have the followings:
Theorem 9. Let M be an n-dimensional submanifold of an almost constant curvature manifold f M (a; b). For any plane section = Spanfe 1 ; e 2 g T p M at a point p 2 M , we have
2 (n 1) kHk 2 + a 2 n (n 2)(n + 1) + (trace (f )) 2 kf k 2 2hf e 1 ; e 2 i 2 +2hf e 1 ; e 1 ihf e 2 ; e 2 ig + b f(n 1)trace (f ) hf e 1 ; e 1 i hf e 2 ; e 2 ig : (5.6)
The equality in (5:6) holds at p 2 M if and only if the shape operators take forms as (3:20) and (3:21). Let F be an almost product structure on R 
